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A new crack detection method is proposed for detecting crack location and depth in a shaft.
Rotating Rayleigh-Euler and Rayleigh-Timoshenko beam elements of B-spline wavelet on
the interval (BSWI) are constructed to discretize slender shaft and stiffness disc, respec-
tively. According to linear fracture mechanics theory, the localized additional ﬂexibility
in crack vicinity can be represented by a lumped parameter element. The cracked shaft
is modeled by wavelet-based elements to gain precise frequencies. The ﬁrst three mea-
sured frequencies are used in crack detection process and the normalized crack location
and depth are detected by means of genetic algorithm. To investigate the robustness and
accuracy of the proposed method, some numerical examples and experimental cases of
cracked shaft are conducted. It is found that the method is capable of detecting crack in
a shaft.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Cracks present a serious threat to proper performance of structures. For detecting a crack, many vibration-based methods
include non-model-based and model-based methods had been widely discussed over the last few years, and a comprehen-
sive survey of available literature on cracked structures was carried out by Doebling et al. (1998) and Montalvão et al.
(2006), to determine the current state of the crack detection technology. These detection schemes are based on the fact that
the presence of a crack changes the dynamic characteristics of the structures.
The wavelet-based crack detection method is one of the non-model-based methods (Staszecski, 1998). The main advan-
tage of this method is that wavelet transform has the ability to provide information simultaneously in time and scale with
adaptive windows. In addition, the method combines structural dynamic parameters with the determined Lipschitz expo-
nent to detect crack location and depth (Hong et al., 2002; Loutridis et al., 2005; Han et al., 2005; Zhu and Law, 2006). How-
ever, cracks have been detected before it had propagated to a critical depth. And the applications of wavelet method are
mostly in the ﬁelds of civil engineering, such as beam and beam-like structures, etc.
Most researchers agree with the application of linear facture mechanics theory to evaluate the local ﬂexibility or stiffness
in the crack vicinity (Papadopoulos and Dimarogonas, 1987). In recent years, the model-based crack detection methods have
been acquired a special attention in open accessed literatures. Generally, there are two procedures to accomplish the crack
detection progress in structures. The ﬁrst procedure is the so-called forward problem analysis, which considers the construc-
tion of a cracked stiffness matrix exclusively for the crack section and the computation of crack detention database for
dynamic parameters. Because the crack ﬂexibility is very small, the corresponding coefﬁcients of the cracked stiffness matrix. All rights reserved.
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2001). The second procedure is the so-called inverse problem analysis, which considers the measurement of dynamic param-
eters and the search of crack location and depth from the crack detection database.
Nowadays, Morassi proposed a method to detect crack in rods, which is based on the changes in a pair of natural frequen-
cies and closed-form solutions of the structures (Morassi, 2001; Caddemi and Morassi, 2007; Dilena and Morassi, 2002,
2004). Results obtained numerically, as well as experimentally, showed that the crack location could be detected in
beam-like structures. Some basic difﬁculties of model-based crack detection methods were also clariﬁed by Morassi, e.g.
the poor precision of forward problem analysis caused by cracked singularity, the numerical instability of inverse problem
analysis caused by ill-condition (Morassi, 2007).
The most popular approach which is particularly well suited for modeling crack in large-scale and complicated structures
is the ﬁnite element method. Nandwana, Lele and Maiti (Nandwana and Maiti, 1997; Lele and Maiti, 2002) investigated crack
identiﬁcation techniques by using eight-node iso-parametric elements to make an more efﬁcient calculation for single and
multiple cracks identiﬁcation in beams. Because of crack singularity, both the numerical simulation and experimental stud-
ies cannot provide satisfactory results. In order to control ﬁnite element approximation errors, Dutta and Talukdar developed
an adaptive h-version ﬁnite element method for bridge damage detection (Dutta and Talukdar, 2004). For detecting crack in
a shaft, Sekhar proposed a model-based method that replaced the fault-induced change of the shaft by equivalent loads in
the ﬁnite element model (Sekhar, 2004). However, the method was only tested by numerical simulation. Dong presented a
crack detection method in a shaft using the ﬁrst two natural frequencies and the ﬁrst modal shape (Dong et al., 2004). As we
know, it is difﬁcult to predict the modal shape of a real structure. Because the ﬁrst three natural frequencies can be easily and
cheaply acquired in practice, they are usually employed for crack detection in structures. The crack is replaced by a rotational
linear spring with a computable stiffness as mentioned by Rizos et al. (1990). To gain high precision crack detention data-
base, wavelet-based elements are applied to solve forward problem and the ﬁrst three frequencies response functions of nor-
malized crack location and depth are obtained by means of surface-ﬁtting techniques (Li et al., 2005; Xiang et al., 2006a).
However, in most experimental studies, the difference betweenmeasured frequencies and ﬁnite element solutions will make
the inverse problem analysis failure. Therefore, the ‘zero-setting’ procedure described by Adams et al. (1978) is used. In this
procedure, Young’s modulus of a real structure is modiﬁed using the measured uncracked natural frequencies to determine
an effective value. Obviously, ‘zero-setting’ procedure ascribes all the errors to Young’s modulus, which will distort the mod-
al parameters of a real structure.
The desirable advantages of wavelet-based elements using BSWI are multi-resolution properties and various interpolat-
ing bases for structural analysis. Recently, classes of 1D and 2D BSWI elements have been constructed for structural analysis
with high performance (Xiang et al., 2006b, 2007, 2008a,b). In this paper, BSWI rotating Rayleigh-Euler and Rayleigh-Tim-
oshenko beam elements are constructed to obtain a precision crack detection database, whereas the inverse problem is
solved by genetic algorithm (He et al., 2001; Bukkapatnam and Sadananda, 2005). Some numerical examples and experimen-
tal cases are given to verify the performance of the proposed method.
2. BSWI scaling functions
Classical approaches to wavelet construction deal with MRA on the whole real space R and the corresponding wavelets
are often deﬁned on the whole square integrable real space L(R2). Sometimes numerical instability phenomenon will be oc-
curred when this kind of wavelets is applied to numerical simulation of PDEs (Bertoluzza et al., 1994). To overcome this lim-
itation, Chui, Quak and Goswami constructed BSWI (Chui and Quak, 1992; Goswami et al., 1995). MRA of BSWI is deﬁned on
the bounded interval [0,1], which can be regarded as a set of self-contained interpolating bases.
In this section, we give a brief review of BSWI scaling functions and wavelets. To have at least one inner wavelet on the
interval [0,1], the following condition must be satisﬁed2j P 2m 1; ð1Þ
where m and j are the order and scale of BSWI, respectively. For m = 4, we have the least scale j0 = 3.
BSWI scaling functions /0m;kðnÞ for order m at the scale 0 are given by Goswami et al. (1995). Then BSWI scaling functions
/jm;kðnÞ for order m at the scale j (simply denoted as BSWImj) can be evaluated by the following formula/jm;kðnÞ ¼
/lm;kð2jlnÞ; k ¼ mþ 1; . . . ;1 ð0 boundary scaling fuctionsÞ
/lm;2jmkð1 2jlnÞ; k ¼ 2j mþ 1; . . . ;2j  1 ð1 boundary scaling fuctionsÞ
/lm;0ð2jln 2lkÞ; k ¼ 0; . . . ;2j m ðinnerscaling fuctionsÞ
8><
>: ð2ÞThe explicit form of /jm;kðnÞ are given in Xiang et al. (2008a). For describe simply, scaling functions in the scaling space Vj can
be denoted by row vector U, i.e.,U ¼ f/jm;mþ1ðnÞ/jm;mþ2ðnÞ . . ./jm;2j1ðnÞg: ð3ÞBSWI43 and BSWI44 scaling functions are shown in Fig. 1.
Fig. 1. BSWI scaling functions.
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3.1. BSWI rotating Rayleigh-Euler beam element
For the Rayleigh-Euler beam, the potential energy Ue is of the form (Kang et al., 1994)Ue ¼ 1
2
Z le
0
EIz
d2w
dx2
 !2
dxþ 1
2
Z le
0
EIy
d2v
dx2
 !2
dx; ð4Þwhere E is the Young’s modulus, Iz and Iy are the moment of inertia, le is the element length, w(x,t) and v(x,t) are the trans-
verse displacements along directions of y and z, respectively, as shown in Fig. 2.
The kinetic energy Te allowing for the rotational inertia effect, is given by Kang et al. (1994)Te ¼ 1
2
Z le
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qA
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ot
 2" #
dxþ 1
2
Z le
0
qIZ
ohZ
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qIy
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þ XJxq
2
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0
hz
ohy
ot
 2
 hy ohzot
 2" #
dx; ð5Þwhere q denotes the mass density per unit of volume, A is the area of the cross-section, X is the rotational speed(rad/s), Jx is
the polar moment of inertia, hz(x, t) and hy(x, t) denote the rotation of cross-section that are given byhz ¼ dwdx ¼ 1le dwdn ;
hy ¼ dvdx ¼ 1le dvdn :
(
ð6ÞIn order to satisfy the displacement and slope compatibility, the element edge nodes should include the transverse displace-
ments and slopes (Xiang et al., 2007). For the present studies, each edge node is collocated with two slopes and two trans-
verse displacements, i.e. wi; vi; hzi ; hyi ði ¼ 1; r þ 1Þ, whereas each inner node is only collocated with two transverse
displacements, i.e. wi,vi (i = 2,3, . . . ,r). The layout (here, we evenly divide the standard solving domain Xe into
r = 2j +m  4 segments, the node number = r + 1, the whole degrees of freedom (DOFs) = 2r + 1) of element nodes is shown
in Fig. 2. The element is abbreviated to BSWImj Rayleigh-Euler beam element.
Then physical DOFs are represented byle
r+11 2 3 xr-1 r
…
w1 w2 wr+1w3 wrwr-1
y
z
v1 v2 v3 vr-1 vr vr+1
1z
θ 1+rzθ
1+ry
θ1yθ
Fig. 2. The layout of elemental nodes and the corresponding DOF for rotating Rayleigh-Euler beam element.
J. Xiang et al. / International Journal of Solids and Structures 45 (2008) 4782–4795 4785ue ¼ fw1v1hz1hy1w2v2   wrvrwrþ1vrþ1hzrþ1 hyrþ1gT; ð7Þ
where hz1 ¼ 1le
dw1
dn , hy1 ¼ 1le
dv1
dn , hzrþ1 ¼ 1le
dwrþ1
dn and hyrþ1 ¼ 1le
dvrþ1
dn denote slopes.
To obtain the ﬁnite element model, assume ﬁnite element approximation of w(n, t) and v(n, t) in the formwðn; tÞ ¼ UTebwe;
vðn; tÞ ¼ UTebve;
(
ð8Þwhere C1 type transform matrix T
e
b is given by (Xiang et al., 2007)Teb ¼ Uðn1Þ
1
le
dUðn1Þ
dn
Uðn2Þ . . .UðnrÞUðnrþ1Þ
1
le
dUðnrþ1Þ
dn
 T !1
ð9Þand physical DOFs vector we and ve arewe ¼ fw1 hz1 w2 w3   wr wrþ1 hzrþ1gT;
ve ¼ fv1 hy1 v2 v3    vr vrþ1 hyrþ1gT:
(
ð10ÞSubstitution Eqs. (6) and (8) into Eqs. (4) and (5), respectively, we obtainUe ¼ 12 ðweÞTKebyðweÞ þ 12 ðveÞTKebzðveÞ;
Te ¼ 12 ow
e
ot
 T
Meby
owe
ot
 þ 12 oveot TMebz oveot þ 12 oweot TMery oweot 
þ 12 ov
e
ot
 T
Merz
ove
ot
 þ 12 oweot TGeðveÞ  12 oveot TGeðweÞ;
8><
>: ð11Þwhere the element bending stiffness matrix Keby and K
e
bz areKeby ¼
EIz
l3e
ðTebÞTC2;2Teb; ð12Þ
Kebz ¼
EIy
l3e
ðTebÞTC2;2Teb; ð13Þthe element translational mass matrix Meby and M
e
bz areMeby ¼ Mebz ¼ qAleðTebÞTC0;0Teb; ð14Þ
the element rotational inertia mass matrix Mery and M
e
rz areMery ¼
qIz
le
ðTebÞTC1;1Teb; ð15Þ
Merz ¼
qIy
le
ðTebÞTC1;1Teb; ð16Þand the element gyroscopic matrix Ge isGe ¼ XqJx
le
ðTebÞTC1;1Teb; ð17Þin which the integral terms are given byC2;2 ¼
Z 1
0
d2UT
dn2
d2U
dn2
dn; ð18Þ
C1;1 ¼
Z 1
0
dUT
dn
dU
dn
dn; ð19Þ
C0;0 ¼
Z 1
0
UTUdn: ð20ÞUpon applying Hamilton’s principle to the element Lagrangian function L = Ue  Te, we have the element free vibration
equationð21ÞAccording to the layout of physical DOFs as mentioned on Eq. (7), Eq. (21) can be expressed as
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o2ue
ot2
þ Ge ou
e
ot
þ Keue ¼ 0; ð22ÞwhereMe, Ge and Ke are the element mass, gyroscopic and stiffness matrices, respectively, which are obtained by rearranging
of Eq. (21) in the light of Eq. (7).
The assembly of element free vibration equation to global vibration equation remains the same as in traditional ﬁnite ele-
ment method, and then we haveM
o2u
ot2
þ G ou
ot
þ Ku ¼ 0; ð23Þwhere M, G and K are the global mass, gyroscopic and stiffness matrices, respectively, u is the global DOFs.
For the sake of computational purposes, Eq. (23) is written in the ﬁrst order state vector form asE
oq
ot
þ Fq ¼ 0; ð24Þin whichq ¼
ou
ot
u
 
; ð25Þ
E ¼ 0 M
M G
" #
; ð26Þ
F ¼ M 0
0 K
" #
: ð27ÞThe associated eigenvalue problem for Eq. (24) is sought from an assumed solution form asq ¼ q0ekt : ð28Þ
Substituting Eq. (28) into Eq. (24), we havejEkþ Fj ¼ 0; ð29Þ
where k = r + i  x = r + i  2pf is the complex eigenvalue, x (rad/s) is the natural whirl speed, f (Hz) is the modal frequency, r
denotes the instability threshold when r > 0.
3.2. BSWI rotating Rayleigh-Timoshenko beam element
According to Rayleigh-Timoshenko beam theory, the potential energy Ue is (Nelson, 1980)Ue ¼ 1
2
Z le
0
EIz
dhz
dx
 2
þ EIy dhydx
 2" #
dxþ 1
2
Z le
0
GA
k
dw
dx
 hz
 2
þ dv
dx
 hy
 2" #
dx; ð30Þwhere G is the shear modulus and k is the shear correction factor (In the present work, we suppose k = 10/9.).
The kinetic energy Te allowing for the rotational inertia and gyroscopic effects, can be expressed as (Nelson, 1980)Te ¼ 1
2
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dxþ 1
2
Z le
0
qIZ
ohZ
ot
 2
dxþ 1
2
Z le
0
qIy
ohy
ot
 2
dx qX
Z le
0
Jx
ohy
ot
hzdxþ X
2q
2
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Jxdx: ð31ÞFig. 3 shows the layout of nodes of BSWI element and the corresponding DOFs. Xe is divided into n = 2j +m  2 segments and
each node is equipped with four DOFs, i.e. wi; vi; hzi ; hyi ði ¼ 1; . . . ;nþ 1Þ.The physical DOFs =4(n + 1), which can be repre-
sented byue ¼ fw1 v1 hz1 hy1 w2 v2 hz2 hy2   wnþ1 vnþ1 hznþ1 hynþ1gT: ð32Þle
n+1 1 2 n
w1 w2 wn+1wn
y
z
v1 v2 vn vn+1
1z
θ 1+nzθ
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1y
θ
2y
θ
ny
θ
2z
θ
nz
θ
…
Fig. 3. The layout of elemental nodes and the corresponding DOF for rotating Rayleigh-Timoshenko beam element.
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vðn; tÞ ¼ UTeve;
hzðn; tÞ ¼ UTehez ;
hyðn; tÞ ¼ UTehey;
8>><
>>:
ð33Þwherewe ¼ fw1 w2   wnþ1gT;
ve ¼ fv1 v2    vnþ1gT;
hez ¼ fhz1 hz2    hznþ1gT;
hey ¼ fhy1 hy2    hynþ1gT;
8>><
>>:
ð34Þand C0 type transformation matrix Te is deﬁned as (Xiang et al., 2007)Te ¼ ð½UTðn1ÞUTðn2Þ . . .UTðnnþ1ÞTÞ1: ð35Þ
Substitution Eq. (33) into Eqs. (30) and (31), respectively, we haveUe ¼ 12 ðweÞTKe;1y ðweÞ þ 12 ðweÞTKe;2y ðhezÞ þ 12 ðhezÞTKe;3y ðweÞ þ 12 ðhezÞTKe;4y ðhezÞ
1
2 ðveÞTKe;1z ðveÞ þ 12 ðveÞTKe;2z ðheyÞ þ 12 ðheyÞTKe;3z ðveÞ þ 12 ðheyÞTKe;4z ðheyÞ;
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ð36Þwhere the element stiffness matrices areKe;1y ¼ Ke;1z ¼
GA
kle
ðTeÞTC1;1ðTeÞ; ð37Þ
Ke;2y ¼ Ke;2z ¼ 
GA
k
ðTeÞTC1;0ðTeÞ; ð38Þ
Ke;3z ¼ Ke;3y ¼ ðKe;2y ÞT; ð39Þ
Ke;4y ¼
EIz
le
ðTeÞ TC1;1ðTeÞ þ GAle
k
ðTeÞTC0;0ðTeÞ; ð40Þ
Ke;4z ¼
EIy
le
ðTeÞTC1;1ðTeÞ þ GAle
k
ðTeÞTC0;0ðTeÞ; ð41Þthe translational mass matrices areMe;by ¼ Me;bz ¼ qAleðTeÞTC0;0Te; ð42Þ
the rotational inertia mass matrices areMe;ry ¼ qIzleðTeÞTC0;0ðTeÞ; ð43Þ
Me;rz ¼ qIyleðTeÞTC0;0ðTeÞ; ð44Þand the element gyroscopic matrix Ge isGe ¼ XqJxleðTeÞTC0;0Te; ð45Þ
in whichC1;0 ¼
Z 1
0
dUT
dn
Udn: ð46ÞLikewise, we have the element free vibration equationMe
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6666664
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7777775
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777775þ K
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6664
3
7775 ¼ 0; ð47ÞwhereMe, ge and Ke are the element mass, gyroscope and stiffness matrices, respectively, and the explicit form are given by
Table 1
Compar
Shaft
Case 1
Case 2
Case 3
Case 4
Case 5
Case 6
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Me;rz
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3
77775; ð48Þ
ge ¼
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0 0 0 Ge
0 0 Ge 0
2
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e;4
z
2
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777775: ð50ÞLikewise, we can assemble element free vibration equation to global vibration equation asM
o2u
ot2
þ G ou
ot
þ Ku ¼ 0: ð51ÞThe solving procedures are similar to rotating BSWI Rayleigh-Euler beam element.
4. Modal analysis based on BSWI elements
To verify the correctness and validity of the BSWI Rayleigh-Euler and Rayleigh-Timoshenko beam elements, a typical
numerical example of uniform section shaft under various boundary conditions is illustrated. Shaft length L = 1 m, Young’s
modulus E = 2.06  1011 N/m2, shaft diameter d = 0.02 m, Poisson’s ratio l = 0.3 and material density q = 7890 kg/m3. To
make a simply comparison with closed-form solutions, the rotational speed X is set to zero. The boundary conditions are
Case 1: Clamped shaft.
Case 2: Fixed at two terminals.
Case 3: Free at two terminals.
Case 4: Simply supported at two terminals.
Case 5: Simply supported at one terminal and free at the other.
Case 6: Fixed at one terminal and simply supported at the other.
Table 1 gives comparisons between closed-form frequencies solutions given by Timoshenko et al. (1974) and those of 1
BSWI43 rotating Rayleigh-Euler beam element. The small errors indicate that the wavelet-based element has an excellent
calculated precision.ison of 1 BSWI rotating Rayleigh-Euler element and exact frequencies solution
Method f1 (Hz) f1 (Hz) f2 (Hz) f2 (Hz) f3 (Hz) f3 (Hz)
y direction z direction y direction z direction y direction z direction
1 BSWI 14.30 14.30 89.56 89.56 250.63 250.63
Exact 14.30 89.59 250.89
Error (%) 0 0.03 0.10
1 BSWI 90.96 90.96 250.63 250.63 491.01 491.01
Exact 90.97 250.77 491.61
Error (%) 0.01 0.06 0.12
1 BSWI 90.92 90.92 250.55 250.55 490.87 490.87
Exact 90.97 250.77 491.61
Error (%) 0.05 0.09 0.15
1 BSWI 40.13 40.13 160.45 160.45 360.78 360.78
Exact 40.13 160.53 361.18
Error (%) 0 0.05 0.11
1 BSWI 62.67 62.67 202.99 202.99 423.18 423.18
Exact 62.69 203.17 423.89
Error (%) 0.03 0.09 0.17
1 BSWI 62.68 62.68 203.06 203.06 423.39 423.39
Exact 62.69 203.17 423.89
Error (%) 0.02 0.05 0.12
Table 2
The ﬁrst forward natural frequency (Hz) of rotating simply supported shaft at a spin speed X varies from 1000 rpm to 60,000 rpm
X Closed-form solution Present work Errors (%)
1000 78.52 78.41 0.14
5000 78.58 78.47 0.14
15,000 78.75 78.64 0.14
20,000 78.83 78.72 0.14
40,000 79.16 79.05 0.14
60,000 79.49 79.38 0.14
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form shaft at a spin speed X is studied. The shaft being simply supported at both ends, has a length of L = 1 m, a diam-
eter of d = 0.04 m, Young’s modulus E = 2  1011 Pa, material density q = 8000 kg/m and Poisson’s ratio l = 0.3. Table 2
shows the ﬁrst forward natural frequency of the shaft at a spin speed X varies from 1000 rpm to 60,000 rpm. Compared
with the closed-form solutions (Katz et al., 1988), the ﬁnite element model using 1 BSWI43 rotating Rayleigh-Timo-
shenko shaft element has an error below 0.14% over the whole speed range. From this numerical example, it can be
seen clearly that the present ﬁnite element model has high precision, whereas only one element with few DOFs are
needed.
5. The combination method for crack detection in a shaft
To obtain a crack detection database, we should determine the function relationship between the ﬁrst three natural fre-
quencies fj and the normalized crack location b and depth a, as followsfj ¼ Fjða; bÞ ðj ¼ 1;2;3Þ: ð52Þ
To detect crack in a real structure, we should determine the normalized crack location b and depth a according to measured
frequencies, as followsða; bÞ ¼ F1j ðfjÞ ðj ¼ 1;2;3Þ: ð53Þ
The procedures for crack identiﬁcation are given below.
(1) Solving cracked stiffness matrix.
(2) Building up wavelet-based model for crack detection and adding the cracked stiffness matrix into the global stiffness
matrix.
(3) Solving the ﬁrst three natural frequencies under different normalized crack location and depth.
(4) Using surface-ﬁtting technology to construct a more precision function relationship between the ﬁrst three natural
frequencies and the normalized crack location and depth.
(5) Putting up experimentally modal analysis to predict the ﬁrst three frequencies.
(6) The method of frequencies contour lines plus ‘zero-setting’ procedure (Adams et al., 1978) or other optimization
method, such as genetic algorithm, neural network can accomplish the solution of inverse problem. In the ‘zero-set-
ting’ procedure, Young’s modulus of the structure is modiﬁed by using the uncracked natural frequencies to determine
an effective value i.e.x2i M Em
K
E

 ¼ 0; ð54Þwhere Em is the corrected value of Young’s modulus E, which can be acquired through solving Eq. (54) for each frequency.
This procedure can greatly reduce the errors between theoretical computation and experimentally modal analysis, which are
caused by boundary conditions and material parameters. Obviously, ‘zero-setting’ procedure ascribes all the errors to
Young’s modulus, which will distort the modal parameters of a real structure. Therefore, we combine the wavelet-based ﬁ-
nite element method with genetic algorithm to make an effective and robust detection of crack in a shaft.
5.1. Local crack model
The localized additional ﬂexibility can be represented by a lumped parameter element. A section of a shaft containing a
crack of depth d is shown, under general loading, in Fig. 4. P1 is axial tension, P2 is transverse shear, P3 is transverse shear, P4
is bending moment, P5 is bending moment and P6 is torsion. Fig. 5 shows the cross-section of the cracked shaft. The addi-
tional ﬂexibility due to the crack for a unit width strip can be written as
xy
z
P3 P1
P6
P2 P5
P4
Fig. 4. Typical shaft containing a crack.
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Fig. 5. Geometry of a cracked section in shaft.
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, a = d/2r denotes normalized crack depth.
The current analysis is not concerned with torsion or axial displacement, hence only c22, c33, c44, c45, c54, c55 are required.
These elements are then given by Papadopoulos and Dimarogonas (1987). Dimensionless ﬂexibilities can be obtained
according toc22 ¼ c22 pErð1l2Þ ; c33 ¼ c33 pErð1l2Þ ; c44 ¼ c44 pEr
3
ð1l2Þ
c45 ¼ c45 pEr3ð1l2Þ ; c55 ¼ c55 pEr
3
ð1l2Þ :
8<
: ð56ÞThe dimensionless compliance matrix is then written asc ¼
c22 0 0 0
0 c33 0 0
0 0 c44 c45
0 0 c54 c55
2
6664
3
7775: ð57Þ5.2. Wavelet-based model
Fig. 6 shows a simply supported rotor with a crack in shaft (suppose the crack occurred on segment L2). A transverse
crack of depth d is considered on a shaft of diameter d1 (the corresponding radius is r1) and the normalized crack loca-
tion b = e/L2.
Considering the crack as a non-dimensional rotational linear spring (Gounaris and Dimarogonas, 1988), the cracked stiff-
ness matrix can be written asKcrack ¼ ð
cÞ1 ðcÞ1
ðcÞ1 ðcÞ1
" #
ð88Þ
: ð58ÞHence, we can assemble cracked stiffness submatrix Kcrack into the global stiffness matrix easily. The global mass matrix of
cracked rotor system is equal to the uncracked one. The solution of the eigenvalue problem can then proceed as usual.
L
L1 L1
L3L2
d 2
d 1
cracke
2/ Le=β
Fig. 6. Simply supported rotor system with a crack in shaft.
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The solution of inverse problem is essentially an optimization problem. Genetic algorithm can be employed as an opti-
mization method to minimize the frequencies errors between numerical simulation and experimental measurement. In
the genetic algorithm, this errors is used to evaluate the ﬁtness of each individual in the population, the good, if not the best,
individual achieved through evolution is just the solution to the inverse problem.
Genetic algorithm are stochastic search algorithm, which are based on the mechanics of nature selection and natural
genetics, which is designed to efﬁciently search large, non-linear, discrete and poorly understood search space, where expert
knowledge is scarce or difﬁcult to model and where traditional optimization techniques fail. An individual corresponds to a
solution for a problem, and consists of and array of gene values, its ‘chromosome’, and as in nature, an individual that is opti-
mized for its environment is created by successive modiﬁcation over a number of generation. Genetic algorithm have been
frequently accepted as optimization methods in various ﬁelds, and have also proved their excellence in solving complicate,
non-linear, discrete and poorly understood optimization problem. This is why we use it to solve our inverse problem for the
crack detection in a shaft. The generalized procedures of genetic algorithm are shown in He et al. (2001).
In the crack detection in a shaft, the error function Fit is deﬁned by the difference between the measured and the simu-
lation frequencies. The explicit form isFit ¼ 
X3
j¼1
ðFjðaj; bjÞ  f
_
j
Þ
 !2
; ð59Þwhere f
_
j denote the measured frequencies.
The candidate solution be searched is the normalized crack location b and depth a. Therefore, we can directly use bit
strings to encode the candidate solution and the GAOT (Houck et al., 1995) toolbox of Matlab to solve inverse problem.
In the present studies, 80 initial populations are selected, through the selection of roulette wheel and elite strategy, two
random points’ crossover and two-element swap mutation computation to search optimization solutions. The normalized
crack location and depth are diagnosed by decoding operator.
6. Numerical and experimental investigation
6.1. Numerical investigation
Our purpose in this study is to investigate the new method proposed in this paper. Crack cases considered in this inves-
tigation are determined from previous studies reported by Nandwana and Maiti (1997). They reported that numerous eight-
node iso-parametric elements are needed to obtain better frequencies solutions. However, the numerical simulation errors of
the predicted crack location and size are attaining 5%. To make a direct comparison, wavelet-based rotating Rayleigh-Euler
beam element is applied to detect crack in a beam.
Example 1. Taking the cracked cantilever beam for example, beam length L = 0.5 m, Young’s modulus E = 2.1  1011 N/m2,
beam height and width are h  b = 0.02 m  0.012 m, Poisson’s ratio l = 0.3 and material density q = 7860 kg/m3. Table 3
gives the ﬁrst three natural frequencies along y direction using 10 BSWI elements and those of closed-form solutions given
by Nandwana and Maiti (1997). From Table 3, under various crack location and crack depth, the numerical solutions are in
good agree with the closed-form solutions.
The inverse problem is solved by using the exact ﬁrst three frequencies (Nandwana and Maiti, 1997) as inputs. The com-
parison of predicted and actual crack location and depth is shown in Table 4. The predicted normalized crack location and
depth are perfect. The relative errors are below 0.3%, which are better than those of 5% using eight-node iso-parametric ele-
ments and three curve intersection method.
Example 2. Changing the boundary conditions of example 1 to simply supported at two terminals. Table 5 gives closed-form
solutions computed by Nandwana and Maiti (1997) and 10 BSWI elements0 results. The numerical performance of BSWI
element is similar to Example 1, and fewer BSWI elements are needed to approximate closed-form solutions. For symmetric
Table 3
Comparison of 10 BSWI element and exact frequencies solution
b a Exact 10 BSWI43 element
f1 (Hz) f2 (Hz) f3 (Hz) f1 (Hz) f2 (Hz) f3 (Hz)
y direction y direction y direction
0 0 66.79 418.60 1172.22 66.80 418.62 1172.15
0.1 0.1 66.38 417.65 1171.64 66.38 417.65 1171.64
0.2 0.1 66.50 418.60 1170.60 66.50 418.60 1170.60
0.2 0.3 64.24 418.47 1158.99 64.24 418.47 1158.99
0.3 0.2 66.04 417.26 1156.12 66.04 417.26 1156.12
0.3 0.3 65.07 415.55 1136.90 65.07 415.55 1136.90
0.4 0.2 66.33 413.94 1163.82 66.33 413.94 1163.82
0.4 0.4 64.77 399.47 1139.61 64.77 399.47 1139.61
0.5 0.2 66.54 411.78 1172.14 66.55 411.78 1172.14
0.5 0.4 65.68 390.84 1172.09 65.68 390.84 1172.09
0.6 0.4 66.28 392.31 1132.26 66.28 392.31 1132.26
0.6 0.6 65.37 356.18 1087.93 65.37 356.18 1087.93
0.7 0.4 66.61 402.06 1089.16 66.61 402.06 1089.16
0.7 0.6 66.29 375.87 996.40 66.29 375.87 996.40
0.8 0.3 66.78 415.69 1139.81 66.78 415.69 1139.81
0.8 0.8 66.57 386.44 912.33 66.57 386.44 912.33
Table 4
Comparison of predicted and actual crack parameters
Case Actual b Actual a Exact natural frequencies Predicted b* (Error /%) Predicted a* (Error/%)
f
_
1=Hz f
_
2=Hz f
_
3=Hz
1 0.1 0.1 66.38 417.65 1171.64 0.1001(0.10) 0.1001(0.10)
2 0.2 0.1 66.50 418.60 1170.60 0.2004(0.20) 0.999(0.10)
3 0.2 0.3 64.24 418.47 1158.99 0.2004(0.20) 0.2995(0.17)
4 0.3 0.2 65.07 415.55 1136.90 0.3(0) 0.2(0)
5 0.3 0.3 66.33 413.94 1163.82 0.3(0) 0.3(0)
6 0.4 0.2 66.33 413.94 1163.82 0.4(0) 0.2(0)
7 0.4 0.4 64.77 399.47 1139.61 0.4(0) 0.4(0)
8 0.5 0.2 66.54 411.78 1172.14 0.4984(0.30) 0.1998(0.10)
9 0.5 0.4 65.68 390.84 1172.09 0.4985(0.30) 0.3995(0.13)
10 0.6 0.4 66.28 392.31 1132.26 0.6(0) 0.4(0)
11 0.6 0.6 65.37 356.18 1087.93 0.6(0) 0.6(0)
12 0.7 0.4 66.61 402.06 1089.16 0.7001(0.014) 0.4001(0.025)
13 0.7 0.6 66.29 375.87 996.40 0.7001(0.014) 0.6002(0.033)
14 0.8 0.3 66.78 415.69 1139.81 0.8001(0.013) 0.3002(0.067)
15 0.8 0.8 66.57 386.44 912.33 0.8003(0.038) 0.8013(0.163)
Table 5
Comparison of 10 BSWI element and exact frequencies solution
b a Exact 10 BSWI43 element
f1 (Hz) f2 (Hz) f3 (Hz) f1 (Hz) f2 (Hz) f3 (Hz)
y direction y direction y direction
0 0 187.51 750.03 1687.56 187.51 750.03 1687.56
0.1 0.1 187.43 748.92 1682.85 187.43 748.92 1682.85
0.2 0.1 187.23 747.14 1681.14 187.23 747.14 1681.14
0.2 0.3 185.04 725.40 1636.37 185.05 725.40 1636.37
0.3 0.2 185.50 739.26 1685.02 185.50 739.26 1685.02
0.3 0.3 182.93 726.25 1681.99 182.93 726.25 1681.99
0.4 0.2 184.76 745.89 1678.25 184.76 745.89 1678.25
0.4 0.4 175.99 733.39 1650.37 175.99 733.39 1650.37
0.5 0.2 184.48 750.03 1661.01 184.48 750.03 1661.01
0.5 0.4 175.00 750.03 1585.83 174.92 750.03 1585.83
0.6 0.6 159.71 712.96 1605.96 159.71 712.96 1605.96
0.7 0.4 178.92 707.74 1677.76 178.92 707.74 1677.76
0.7 0.6 165.93 658.96 1667.00 165.93 658.96 1667.00
0.8 0.8 175.07 646.21 1515.59 175.07 646.21 1515.59
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[0.1,0.5] to gain a unique solution.
Table 6
Comparison of predicted and actual crack parameters
Case Actual b Actual a Exact natural frequencies (Hz) Predicted b* (Error/%) Predicted a* (Error/%)
f
_
1 ðHzÞ f
_
2 ðHzÞ f
_
3 ðHzÞ
1 0.1 0.1 187.43 748.92 1682.85 0.1001(0.10) 0.1001(0.10)
2 0.2 0.1 187.23 747.14 1681.14 0.1999(0.05) 0.1(0)
3 0.2 0.3 185.04 725.40 1636.37 0.1999(0.05) 0.3001(0.03)
4 0.3 0.2 185.50 739.26 1685.02 0.3001(0.03) 0.2(0)
5 0.3 0.3 182.93 726.25 1681.99 0.3001(0.03) 0.3(0)
6 0.4 0.2 184.76 745.89 1678.25 0.4(0) 0.2(0)
7 0.4 0.4 175.99 733.39 1650.37 0.4(0) 0.4(0)
8 0.5 0.2 184.48 750.03 1661.01 0.501(0.2) 0.2(0)
9 0.5 0.4 175.00 750.03 1585.83 0.501(0.2) 0.4(0)
Table 7
Crack cases of shaft and identiﬁcation results
Case b a Measured frequencies Predicted b* (Error/%) predicted a* (Error/%)
f
_
1ðHzÞ f
_
2ðHzÞ f
_
3ðHzÞ
1 0.789 0.21 97.34 583.84 1051.64 0.780 (1.1) 0.225 (7.1)
2 0.789 0.41 93.04 580.87 1032.64 0.805 (2.0) 0.425 (3.7)
3 0.789 0.18 97.99 584.71 1053.28 0.818 (3.7) 0.152 (15.6)
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comparison of predicted and actual crack parameters is shown in Table 6.The predicted normalized crack location and size
are in excellent agrees with analytical results. The relative errors are not more than 0.2%.
6.2. Experiment investigation
The experimental setup used for measuring the ﬁrst three frequencies of the cracked shaft with a single mass disc using
the Doppler signal laser vibrometer. A Polytec Doppler laser vibrometer OFV-505/5000 is used to measure the velocities of
one point in the shaft.
We tested three cracked shafts each having a fatigue crack at a shaft as shown in Table 7. The material of workpiece for
experiment is 40 Cr steel, and the rotor geometries and the material properties are as follows: L = 300 mm, L1 = 8 mm,Fig. 7. The cross-section of cracked shafts.
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Poisson’s ratio l = 0.3. The cracks are generated by fatigue testing machine. Fig. 7 shows the cross-section of crack cases. The
crack depths dare 1.99 mm, 3.90 mm and 1.71 mm, respectively. In other words, the normalized crack sizes a = d/d1 are 0.21,
0.41 and 0.18. The crack locations e are 148.3 mm and the corresponding normalized crack locations b = e/L2 is 0.789. In the
present work, the fatigue crack generated by four point bending method, which can not be measured by industrial CT for the
reason that the crack vertical to the axis of the shaft. As can been seen in Fig. 7(a)–(c). The shaft stiffness decreased caused by
fatigue crack would be less than that of a slot (Friswell and Penny, 2002). Therefore, the straight lines are used as the baseline
to measure the crack depth, and the experimental studies testify that this substitute would give agreeable results. In order to
solve the inverse problem using genetic algorithm, 80 initial populations are selected. After the classics procedures, the over-
all optimization solutions are obtained and the normalized crack location and depth are solved by the decoded operation.
Table 7 shows the comparison of actual normalized crack parameters b and a and the predicted crack parameters b* and
a*. For the given cases, the relative errors of b* are not more than 3.7% while the relative errors of a* arrive at 15.6%. Hence, the
proposed model-based crack detection method by the combination of wavelet-based elements and genetic algorithm, is con-
sidered to be valid for actual application to detect fatigue cracks in a shaft. It should be noted that the detection accuracy of
the crack depth is much larger than that of the crack location. The probable reason is that the effects of the normalized crack
depth a more than those of the normalized crack location b. When a is detected, the tiny measured errors would be signif-
icantly enlarged.
7. Conclusion
A method has been developed to detect the location and depth of crack in a shaft. The crack detection method is based on
the combination of wavelet-based elements and genetic algorithm. In order to gain accurate frequencies of cracked shaft for
forward problem analysis, the rotating Rayleigh-Euler and Rayleigh-Timoshenko beam elements of BSWI are constructed to
discretize slender shaft and stiffness disc, respectively. For the inverse problem analysis, genetic algorithm is applied to elim-
inate the errors of frequencies between numerical simulation and experimental measurement. Some numerical and exper-
imental results indicate that the proposed method can detect crack in a shaft with high performance. However, in order to
apply this method to detect crack in a running shaft, the further work is to develop an effectively operational modal analysis
(OMA) techniques to predict the ﬁrst three natural frequencies.
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